
Graphs that are intrinsically linked with an
unused vertex

Garry Bowlin Joel Foisy Barbara Chervenka Paier
April Quinn

October 4, 2005

Abstract

We examine graphs that, for every spatial embedding, have a pair
of linked cycles such that linked cycles do not pass through every
vertex of the graph (we call such a graph intrinsically linked with an
unused vertex). We demonstrate three graph operations that trans-
form an intrinsically linked graph to a graph with this property. It
remains an open question to determine all minor-minimal graphs that
are intrinsically linked with an unused vertex.

1 Introduction

It has previously been shown by Conway-Gordon [2] and Sachs [10] that K6

is intrinsically linked, that is, every spatial embedding of K6 contains at least
one pair of disjoint cycles that form a non-splittable link. Robertson, Sey-
mour and Thomas [8] later proved that a graph is intrinsically linked if and
only if it contains as a minor one of the seven graphs in the so called Petersen
family (graphs that can be obtained from K6 through ∆-Y exchanges and Y-
∆ exchanges). The main focus of this paper is on the search for an analogue
of this theorem for graphs that, for every spatial embedding, have linked cy-
cles such that the linked cycles do not pass through every vertex in the graph.
We call such a graph intrinsically linked with an unused vertex. Of course,
any graph that consists of an intrinsically linked graph together with another
graph component (such as an isolated vertex) will have this property. As the
main result of this paper, we exhibit three non-trivial graph operations that
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transform an intrinsically linked graph to a graph that is intrinsically linked
with an unused vertex.

All graphs considered shall be simple graphs. A graph is simple if there
is at most one edge between any two verticies and there are no loops, that
is, there are no edges connecting a vertex to itself. A vertex splitting of a
vertex v in a graph G is achieved by replacing v with two verticies v′ and v′′,
adding the edge v′v′′ and connecting a subset of the edges that were incident
to v to v′ and the rest of the edges that were incident to v to v′′. A graph
G is considered to be an expansion of a graph H if G can be obtained by
vertex splittings of H. A contraction of an edge is the inverse of a splitting.
If we contract the graph G along the edge e, we denote the resulting graph
G\e. A graph H is said to be a minor of a graph G if H can be obtained
from G by deleting and/or contracting a finite number of edges, and possibly
by removing isolated verticies. A graph G is minor-minimal with respect
to a given property if and only if no minor of G has the property. It is
well known (see [7], [6]) that if G is intrinsically linked and H contains G
as a minor, then H is also intrinsically linked. The same reasoning also
applies to graphs that are intrinsically linked with an unused vertex (see the
next section for details). By the important result of Robertson and Seymour
[9], there are only finitely many minor-minimal graphs that are intrinsically
linked with an unused vertex. It remains an open question to determine all
minor-minimal intrinsically linked graphs with an unused vertex. Our works
suggests that the number of minor-minimal intrinsically linked graphs with
an unused vertex is large.

A motivation in looking for graphs that are intrinsically linked with an
unused vertex comes from trying to understand graphs with the disjoint
linking property. A graph has the disjoint linking property if in every spatial
embedding there exists a pair of non-splittable links that share no verticies
and no edges. Of course, any graph that contains two disjoint sub-graphs
that are each intrinsically linked will have this property. In [1] several non-
trivial graphs with the disjoint linking property were given, and all of them
were constructed using graphs that were intrinsically linked with an unused
vertex. For example of the constructions they did, consider the 7 vertex graph
K3,1,1,1,1 which has a pair of linked triangles in every embedding, so has an
unused vertex. By connecting all of the verticies of a K5 to all of the verticies
in the partition containing 3 elements, one creates a graph with the disjoint
linking property. In a spatial embedding of this graph, the K3,1,1,1,1 has a pair
of linked triangles, and the unused vertex and the K5 form an embedded K6,
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thus also have a pair of linked triangles ([2], [10]). Determining all minor-
minimal intrinsically linked with an unused vertex graphs seems difficult,
but the problem of determining all minor-minimal graphs with the disjoint
linking property is even more difficult.

Briefly, we describe our three non-trivial graph transformations here. The
first non-trivial move, triangle addition, is the addition of a triangle along
three mutually nonadjacent verticies. We restrict this move in that the three
verticies cannot be the endpoints of a Y. We impose this restriction as all
graphs in the Petersen family are obtained from Y −∆ and ∆− Y from K6,
so adding a triangle to a Y in a Petersen graph would result in a Petersen
graph with an extra vertex (connected to the graph by three extra edges).

The second type of move, triangle expansion, involves choosing a single
vertex and expanding it twice, and then connecting the endpoints of the ex-
pansion by an edge. Equivalently, one can think of this operation as replacing
a vertex with a triangle, and then associating the old edges with the new ver-
ticies of the triangle in an arbitrary fashion. Here we impose the restriction
that each vertex of the new triangle has at least one old edge incident to
it. Otherwise, such a triangle expansion performed on a intrinsically linked
graph would achieve the same result as expanding a vertex, then adjoining
another vertex to the graph (connected by two new edges), which is a trivial
way to obtain a graph that is intrinsically linked with an unused vertex.

The third move, vertex addition, is merely the addition of degree two
verticies along existing edges. By adding degree 2 vertices to enough edges
of an intrinsically linked graph, one can eventually create a graph that is
intrinsically linked with an unused vertex.

Throughout the paper we will take an embedded graph to mean a graph
embedded in 3-space, where all of our embeddings are tame. A link is a finite
set of disjoint cycles embedded in 3-space. A link is said to be non-splittable
if there exists no sphere in 3-space disjoint from the link that separates
components of the link. We will use the terms non-splittably linked cycles
and linked cycles interchangeably; both will represent cycles in a spatially
embedded graph that form a non-splittable link. All linking numbers in this
paper will be considered mod 2.
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2 Proof of minor-closure

Here we show that if a graph G is not intrinsically linked with an unused
vertex, and H is a minor of G, then H is also not intrinsically linked with an
unused vertex. The contrapositive of this result follows from the next result.
Our proof is based on the proof that vertex splitting preserves intrinsic linking
presented in [5].

Proposition 2.1. If G is intrinsically linked with an unused vertex, and G′

is a graph obtained from G by a vertex splitting, then G′ is also intrinsically
linked with an unused vertex.

Proof. Let G′ be obtained from G by splitting the vertex v into the edge
(v1, v2). Embed G′. Deform the embedding of G′ to an equivalent embedding,
so that there is a projection of the embedding with the edge (v1, v2) not
crossed. Now we compare this specific projection of G′ to the projection of
G resulting from contracting (v1, v2) back to v. If the associated embedding of
G contains a non-split link that does not pass through v, then the embedding
of G′ will also contain a non-split link that does not pass through v1 (or v2).
We may thus assume that the embedding of G only contains non-split links
that pass through the vertex v. Consider a non-split link that passes through
v, and has a unused vertex, w. Let L be the set of all components of the
link that do not contain v, and let M be the component that passes through
v. Any component in L exists unaltered in the associated projection of the
embedding of G′, and let M ′ be M with the vertex v expanded to the edge
(v1, v2). It follows that the components of L must still be linked with M ′

because no new crossings have been introduced to any component, and none
have been eliminated. Moreover, the vertex w is not used in the link. It
follows that the embedding of G′ contains a non-split link with an unused
vertex.

3 Proof that the operations work

If we let A and B be two cycles that share at least one edge, and whose
intersection is connected, then we can define a new cycle, A + B to be the
cycle whose edges consist of the disjoint union of edges in A and B. We need
the following elementary lemma concerning linking number:
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Lemma 3.1. [4] Let A and B be two cycles that share at least one edge, and
whose intersection is connected. Let C be a cycle that is disjoint from both
A and B. Then lk(A + B, C) = lk(A, C) + lk(B, C).

Theorem 3.1. Any graph obtained from an intrinsically linked graph by the
addition of a triangle along three non-adjacent verticies will be intrinsically
linked with an extra vertex.

Proof. Let us begin with an intrinsically linked graph G, embedded in R3,
containing linked cycles α and ζ. Suppose further that the linked cycles use
all verticies in the graph, for otherwise we already have a graph with linked
cycles and an unused vertex. Now pick any three mutually non-adjacent
verticies v1, v2, and v3. By the pigeon hole principle, two of these verticies
will lie along the same linked cycle. Without loss of generality, let’s say that
v1 and v2 lie in α. Since the two verticies are now connected, we can break
down α into a sum of cycles: α = α′ + α′′. By Lemma 3.1, we can further
say that lk(α, ζ) = lk(α′, ζ) + lk(α′′, ζ). By assumption, lk(α, ζ) 6= 0, and as
such the linking of α′ with ζ must be non-zero or the linking number of α′′

with ζ must be non-zero. Therefore, if α′′ is linked there will exist an unused
vertex among the vertices of α′ or visa versa if α′ is the linked cycle.

This techniques creates K3,1,1,1,1 out of K3,3,1. Note that in [1] it is shown
that K3,1,1,1,1 is minor-minimal with respect to being intrinsically linked with
an unused vertex. In addition, K3,1,1,1,1 does not contain a disjoint copies of
an intrinsically linked graph and a vertex. (If it did, then the intrinsically
linked graph would have to have 6 vertices, hence be K6, but K3,1,1,1,1 does
not contain K6 as an induced subgraph.) In [6], it was shown that ∆ − Y
exchanges preserve intrinsic linking. By similar reasoning, ∆− Y exchanges
preserve intrinsic linking with an unused vertex. We note here that all graphs
obtained from triangle addition on graphs in the Petersen family are either
trivial intrinsically linked graphs with an unused vertex, or they can be ob-
tained from ∆ − Y exchanges on K3,1,1,1,1. This can be seen as follows.
Clearly, triangle addition cannot be applied to K6. If we examine the graph
G7, which is obtained from a single ∆ − Y exchange on K6, then the only
three mutually non-adjacent verticies lie on a Y . In K4,4−e, any three mutu-
ally non-adjacent verticies also lie on a Y . One obtains K3,1,1,1,1 by triangle
addition on K3,3,1, and any of the remaining graphs in the Petersen family
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Figure 1: Triangle expansion.

can be obtained from K3,3,1 by ∆− Y exchanges. Thus, any graph obtained
from triangle addition on the remaining Petersen graphs, could have been
obtained by ∆− Y exchanges on K3,1,1,1,1.

Now we discuss the second move, triangle expansion (see Figure 1, and
Figure 3):

Theorem 3.2. Any graph obtained from an intrinsically linked graph by
triangle expansion will be intrinsically linked with an extra vertex.

Proof. Begin with an intrinsically linked graph, G, and choose a vertex, v, of
degree greater than two. We now expand v twice. If after the first expansion
one of the resulting two verticies, v or v′ are of degree two, then that vertex
will not be eligible for initiating the second expansion. Finally, the initial
vertex, v, after the two expansions has become a path on three verticies, v,
v′, and v′′. Add an edge from the vertex at one end of the path to the vertex
at the other end of the path, resulting in a new graph, G′. The end result is
that the vertex v has been replaced with the triangle through v, v′ and v′′.

Now, once this operation is completed, we embed G′. We can induce an
embedding of G from this embedding of G′ by shrinking two of the three new
edges between v, v′, and v′′ back to the original vertex, v. We know that G
is intrinsically linked independent of the expanded edges from the original
vertex, v. Therefore this embedding of G will have a pair of linked cycles, call
them A and B. At this point, we can re-expand the vertex v into the triangle
containing v, v′, and v′′. If v was not contained within one of the linked cycles
in G, then with the expansion to G′ we have three unused verticies. However,
if v was contained within one of the linked cycles (without loss of generality,
say cycle A), we must now consider the cycle A′ in G′ that contracts onto
A. If one of v, v′, or v′′ is not in A′, we are done. Otherwise, clearly in G′,
A′ is linked with B, that is lk(A′,B) 6= 0. We denote the three cycle through
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Figure 2: In this case, there are two vertices not used in the link.

Figure 3: Triangle expansion takes K6 to a graph that is intrinsically linked
with an unused vertex.

v, v′, and v′′ by C ′. Since the intersection of A′ and C ′ is connected, we
may form their sum, A′ + C ′. Since lk(A′+C ′,B) = lk(A′,B) + lk(C ′,B)
and because we know that A′ has an odd linking number with B, either A′

+ C ′ or A′ must have an odd linking number with B, which will result in at
least one extra vertex. This extra vertex will be in A′ if A′ + C ′ is linked, or
conversely, in A′ + C ′ if A′ is the linked cycle (see Figure 2). Thus, we are
guaranteed at least one extra vertex in every embedding.

As an example of using this operation, we consider the graph obtained
from K6 by a single triangle expansion shown in Figure 3. We will denote
this graph G8. We claim that G8 does not contain disjoint copies of an
intrinsically linked graph and a vertex. Removing a vertex of degree higher
than 3 from G8 results in a graph with fewer than 15 edges, hence a graph
that is not intrinsically linked (it follows from [8], that an intrinsically linked
graph cannot have fewer than 15 edges). Removing a degree 3 vertex from
G8 results in a graph with exactly 15 edges, but one vertex is of degree 2.
Thus the resulting graph is a subdivision of a graph on 14 vertices, hence
cannot be intrinsically linked.

Note that since ∆ − Y moves preserves intrinsic linking with an extra
vertex, then one could also define another operation “Y expansion,” where
a vertex is replaced with a Y, and all edges that were incident to the vertex
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Figure 4: Adding degree 2 vertices to three edges incident to the same vertex
transforms K6 into a minor-minimal intrinsically linked graph with an unused
vertex.

are now incident to the Y. Such an operation would create an intrinsically
linked graph with an unused vertex out of an intrinsically linked graph.

There are many different graphs that result from performing triangle
expansion on the various graphs in the Petersen family. It is a difficult task
(one we have not completed) to find all such graphs and then to figure out
which of these are minor-minimal with respect to being intrinsically linked
with an extra vertex.

Finally, we discuss the third operation, adding degree 2 vertices (see Fig-
ure 4):

Theorem 3.3. Any graph obtained from an intrinsically linked graph by
adding degree two verticies along edges that cannot be involved in two disjoint
cycles will be intrinsically linked with an extra vertex.

Proof. If there exists a vertex that is not used up by two disjoint cycles then
if those two cycles are linked in an embedding, then there exists an extra
vertex. Thus by adding verticies such that no two disjoint cycles can share
all the added verticies, at least one vertex will always remain outside of a
link.

Performing this operation to the seven graphs in the Petersen family cre-
ates many minor-minimal graphs that are intrinsically linked with an unused
vertex. For example, in K6, adding degree 2 vertices on three edges incident
to the same vertex creates one such graph (see Figure 4).

References

[1] S. Chan, A. Dochtermann, J. Foisy, J. Hespen, E. Kunz, T. Lalonde,
Q. Loney, K. Sharrow, and N. Thomas, Graphs with disjoint links in

8



every spatiol embedding, J. Knot Theory Ramifications 13 no. 6 (2004),
737-748.

[2] J. Conway and C. Gordon, Knots and links in spatial graphs, J. Graph
Theory 7 (1983), 445-453.

[3] M. R. Fellows and M. A. Langston, Nonconstructive tools for proving
polynomial-time decidability, J. Assoc. Comput. Mach. 35 no. 3 (1988),
727-739.

[4] E. Flapan, R. Naimi, and J. Pommersheim, Intrinsically triple linked
complete graphs, Topology Appl. 115 no. 2 (2001), 239-246.

[5] H. Howards, L. Klein, J. MacEachern, J. Mynttinen, J. Polito, J. Ter-
illa, Links in Spatial embeddings of graphs, preprint.

[6] R. Motwani, A. Raghunathan, and H. Saran, Constructive results from
graph minors: Linkless Embeddings, 29th Annual Symposium on Foun-
dations of Computer Science, IEEE, 1988, 398-409.

[7] Nesetril, J., and Thomas, R. A note on spatial representations of
graphs, Commentat. Math. Univ. Carolinae 26 (1985), 655-659.

[8] N. Robertson, P. Seymour, and R. Thomas, Linkless embeddings of
graphs in 3-space, Bulletin of the Amer. Math. Soc. 28(1) (1993), 84-
89.

[9] N. Robertson, P. Seymour, Graph minors. XX. Wagner’s Conjecture,
J. Combin. Theory Ser. B. 92 (2004) no. 2, 325-357.

[10] H. Sachs, On spatial representations of finite graphs, finite and infinite
sets, (A. Hajnal, L. Lovasz, and V. T. Sos, eds), colloq. Math. Soc.
Janos Bolyai, vol. 37, North-Holland, Budapest, 1984, 649-662.

GARRY BOWLIN, DEPARTMENT OF MATHEMATICS, BINGHAMTON UNI-
VERSITY, BINGHAMTON, NY 13902
E-mail address: bowlin@math.binghamton.edu

JOEL FOISY, DEPARTMENT OF MATHEMATICS, SUNY POTSDAM, POTS-
DAM, NY 13676
E-mail address: foisyjs@potsdam.edu

9



BARBARA CHERVENKA PAIER, DEPARTMENT OF MATHEMATICS, RICE
UNIVERSITY, HOUSTON, TX 77005-1892
E-mail address: chervenk@math.rice.edu

APRIL QUINN, c/o DEPARTMENT OF MATHEMATICS, SUNY POTSDAM, POTS-
DAM, NY 13676
E-mail address: april elaine@hotmail.com

10


